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ABSTRACT

The present work investigates the performance of an advection-based flow reconstruction model to increase the tem-

poral resolution of PIV measurements recorded in a turbulent, planar jet. Using a semi-Lagrangian technique in

combination with Rapid Distortion Theory, a modified trajectory tracking procedure is implemented. The method

introduces a specification for a two-dimensional convective velocity Uc based on the least squares minimization of

the linearized advection equation, in contrast to the previously introduced one-dimensional mean velocity profile Um

outlined in Vocke et al. (2023). The new implementation is based on local flow measurements, making it well-suited

towards streamwise heterogeneity and spatially developing flows. With this, the flow at some unknown time tn can

be estimated from the know flow measurements at the forward tf and backward tb time. Spectral analysis illustrates

the model’s proficiency in recovering spatiotemporal information far exceeding the Nyquist frequency, with spectral

reconstruction errors of less than 5% for the most extreme case. It is demonstrated that the spectral content can be

estimated at least two orders of magnitude beyond the sampling frequency of the original recording. Improved per-

formance compared to alternative methods is demonstrated with only minor impact on computational time. This

indicates the approach may be used as a tool for experimental researchers a) having no access to a high-speed PIV or

b) with high-speed PIV to increase the spectral resolution even further.

1. Introduction

Particle image velocimetry (PIV) is a widespread experimental technique that provides instanta-
neous velocity field measurements. Despite PIV existing as the preferred measurement technique
(Westerweel et al., 2013), the majority of PIV systems are limited in their ability to resolve the
widespread temporal scales of most turbulent flows – particularly for challenging high Reynolds
number flows. Accordingly, reconstruction of under-resolved spectral content remains an ongoing
effort. We have previously addressed this problem through the development of an advection-
based flow reconstruction technique using a semi-Lagrangian numerical scheme to increase the
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temporal resolution of turbulent flow data (Vocke et al., 2023). The concepts outlined in Vocke
et al. (2023) are extended in the present work to determine the amount, as well as the quality of
spatiotemporal information that can be recovered beyond the Nyquist frequency through speci-
fication of a flow-dependent convective velocity. The performance of the temporal up-sampling
method is verified using both numerical (DNS) and experimental (PIV) flow datasets recorded for
a turbulent planar jet with sampling frequency fs. We demonstrate that the spectral information
of a PIV recording can be extended up to 100 times the Nyquist frequency.

The present investigation challenges the assumption that the spatiotemporal scales can be ade-
quately modeled with a convective velocity equal to the local mean flow, as used in Taylor’s hy-
pothesis (Taylor, 1938). Assuming the turbulent structures maintain a frozen pattern as they are
transported up to a certain distance downstream, the velocity fluctuations are generally described
with u′(x + �x; t+ �t) = u′(x + �x�Um�t; t). The linear transformation using the mean velocity
vector Um violates the physical nature of the velocity fluctuations, as the space-time correlations
along the characteristic lines x�Umt = const: will not decay with increasing �t or �x. While such
approximation is appropriate for homogeneous flows, it becomes difficult to extend towards non-
equilibruim type flows where the effects of mean shear, turbulence intensity, and viscous forces
can be significant (Lin, 1953; Moin, 2009; Cheng et al., 2017; Mehrez et al., 2023; Jacobitz & Schnei-
der, 2024). The question then arises, what defines an optimal convective velocity and when is it
appropriate to assume that turbulent structures evolve according to the mean flow? Despite the
relevance, there seems to be a lack of work regarding the characterization of convective velocities
for different flow configurations (Álamo & Jiménez, 2009). Classically, this subject has been ex-
plored by authors such as Goldschmidt et al. (1981) and Wills (1964), who use correlation-based
approaches to define both broadband and scale-dependent convective velocities. More recently,
Álamo & Jiménez (2009) introduced a method based on a least-square minimization (LSM) of the
linear advection equation to define the convective velocity of individual Fourier modes. This work
was extended by Renard & Deck (2015) for application towards spatially developing flows. Uti-
lizing the methods described by Álamo & Jiménez (2009) and Renard & Deck (2015), this work
introduces a technique to increase the temporal resolution of turbulent flow measurements with-
out any prior knowledge of the flow physics.

2. Methodology

The improved advection-based flow reconstruction model described in Vocke et al. (2023) was de-
veloped to overcome the limitations outlined by previous methods outlined in Scarano & Moore
(2012) and Vamsi Krishna et al. (2020). Our own temporal up-sampling method was first devel-
oped using a benchmark data set of the direct numerical simulation (DNS) of a turbulent plane
jet with Re = 10; 000 and a non-dimensional sampling frequency of fs = 24:86 (refer to Vocke et
al. (2023) for further details). The concepts outlined in Vocke et al. (2023) are based on a one di-
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Figure 1. Comparison between the DNS (a-b) and PIV (c-d) FOV for the axial Um; 1 (a,c) and lateral Um; 3 (b,d) mean
velocity components. The thick black boxes featured in (a-b) depict the difference in the FOV for the DNS and PIV

datasets, wherein the DNS data depicts the entire development of the jet, while the PIV data is available only within
the potential core (2 < x=D < 4 and � 0:7 < z=D < 0:7).

mensional, uniformly sheared mean �ow U m approximation, while this is extended in the present
work through the speci�cation of a two-dimensional convective velocity U c that may differ from
the local mean �ow. Following the work of Álamo & Jiménez (2009) and Renard & Deck (2015), a
least-squares optimization is used to de�ne the convective velocity U c of all the scales. The method
is additionally validated for use in experimental �ow measurements. The PIV measurements com-
prises a turbulent planar jet with Re = 3000 generated from a contraction nozzle at the origin,
sampled with f s = 10 kHz, which corresponds to a non-dimensional frequency f s = 20:4, and
N = 8000. Further details regarding the experimental setup can be found in Neal et al. (2015). In
contrast to the DNS dataset, the PIV recordings cover downstream distances from approximately
2D to 4D. A comparison of the two benchmark datasets comparing the differences in �eld-of-view
(FOV) is given in Figure 1. The performance of the advection method applied to the PIV mea-
surements is evaluated through a sub-sampling procedure. Based on the original recordings with
the sampling frequency f s, a sub-sampling factor S� = f s=fn is used to obtain �ow measurements
with an arti�cially decreased sampling rate f n . With this, the reconstructed velocity �elds can be
directly compared with the ground truth data.

Using Rapid Distortion Theory (RDT) in combination with a semi-Lagrangian numerical scheme,
the temporal and spatial �uctuations are related by a convective velocity U c. Consequently, the
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governing equation reduces to a quasilinear, non-homogeneous material derivative,

Du0

Dt
=

@u0

@t
+ ( U c � r )u0 = � (u0 � r ) U c (1)

where u0 = [ u0
1; 0; u0

3], U c = [ Uc;1; 0; Uc;3], and r = [ @x ; 0; @z] represent the �uctuating velocities,
convective velocities, and the gradient operator for a two-component �ow, respectively. Using the
spatiotemporal information from two successive �ow measurements, the backward and forward
evolution of the known data can be estimated. This is achieved using a semi-Lagrangian numerical
technique, which describes the problem as a system of two ordinary differential equations. The
equations are formulated in terms of a "forward" and "backward" estimate for known data with a
temporal spacing of f s = ( tb � t f )� 1, resulting in two estimates for the �ow at the unknown time tn .
These estimates are combined using a linear temporal weighting scheme wherein the intermediate
results are weighted according to their proximity (in time) to the velocity �elds from which they
are derived,

u0(x; tn ) =
�

1 �
n
S�

�
u0

f (x; tn ) +
� n

S�

�
u0

b(x; tn ); (2)

where n � S� . Such weighting accounts for the decreasing reliability of the estimates as they
progress towards the midpoint time, i.e., n=S� = 0:5. Under the quasilinear approximation, the
�uctuations are limited towards interactions with some convective velocity, which is generally
assumed to be equal to the local mean velocity U m (Goldschmidt et al., 1981). While such an as-
sumption is valid for homogeneous �ows, it becomes less accurate in regions subject to substantial
mean shear, high turbulence intensity, and signi�cant viscous effects (Hunt & Carruthers, 1990).
This can lead to a distortion of the spatial scales, as well as negatively impact effects of amplitude
modulation (Yang & Howland, 2018). Accordingly, it becomes important to specify a convective
velocity that accurately describes the transport of turbulent �uctuations. Considering the simplest
case of Taylor's hypothesis, which is generally valid for �ows that are streamwise homogeneous
(Taylor, 1938), the optimal streamwise convective velocity is determined through an inverse prob-
lem. This is achieved using a variational method to minimize the residual between the time evolu-
tion of the known �ow data and its frozen wave approximation, r = u(x; t) � u(x + � x; t + � x=C).
Here, C is the streamwise convective velocity of an ideal frozen wave and requires knowledge of
the streamwise �ow gradients @x . This leads to 3 three approximations for the convective velocity
depending on which variable is treated implicitly i.e., (x; t(x)) or (x(t); t), in the approximation.
Importantly, all three de�nitions coincide for a truly frozen wave �ow (Renard & Deck, 2015). The
ideal value of C must be chosen such that it minimizes the square of the residual,

R1(x) =
((1=C)@tu1

0+ @xu1
0)2

(@xu1
0)2

(3)

The values of C can be interpreted as some constant factor that best relates the spatial and tem-
poral derivatives. Minimizing Eqn. (3) over C leads to the following de�nition for the convective



21st LISBON Laser Symposium 2024

velocity,

Uc;1(x) = �
(@tu1

0)2

(@tu1
0@xu1

0)
: (4)

This leads to the de�nition of the convective velocity based on LSM. Notably, the calculation of
Uc;1 requires only the stationary time averages of local signals and their derivatives. For �ow
measurements with two or more velocity components, Uc;1 can be similarly estimated from either
component depending on the constraints placed on the parameter C. Additionally, the optimal
streamwise space-time correlation coef�cient 
 1 is de�ned as,


 c;1(x) =
p

1 � R1(x) =
(@tu1

0@xu1
0)

q
(@tu1

0)2
q

(@xu1
0)2

; (5)

where 0 � 
 c;1 � 1. For the case of ideal convection, the spatial and temporal derivatives are
perfectly correlated, i.e., 
 c;1 = 1. A value of 
 c;1 < 1 provides a measure of the degree of decay
or deformation that occurs as the turbulent structures evolve downstream. Thus, the method
serves to validate when the simpli�ed numerical approach is justi�ed by identifying regions where
Uc;1 � Um;1. The present work obtains the streamwise component of the convective velocity vector
U c by computing the least-squares solution to the one-dimensional linear advection equation. In
contrast, the lateral component of U c is simply assumed to be equal to the lateral component of the
mean velocity vector, Uc;3 = Um;3. In principle, a LSM approximation to Uc;3 could be obtained by
consider the contribution of lateral gradients @z. The convective velocity can be similarly estimated
from the normalized cross correlation function � ij , which is numerically equivalent to the LSM
method. De�ning the normalized correlation of two signals separated by spatial distance � x,
where the upstream signal lags by time delay � t, results in

� ij (x + � x; t + � t) =
u0

i (x; t)u0
j (x + � x; t + � t)

q
u0

i (x; t)2
q

u0
j (x + � x; t + � t)2

: (6)

The convective velocity relates the temporal scales to the various spatial scales within a �ow, Uc =
� x=� t. The parameters for � x and � t can be de�ned by maximizing over the time lag � t for
a given spatial separation � x, yielding f (� x) = � tmax . Physically, this de�nition of Uc can be
related to the micro-scales in a convective reference frame (xc = x � Uct; t ), thus guaranteeing the
slowest spatial decay of the correlation (Renard & Deck, 2015).

3. Results and Discussion

The results are presented and discussed as follows. Firstly, a brief analysis characterizing both
the streamwise convective velocity estimations Uc;1 and the mean velocity �elds Um;1 of the DNS
and experimental jet data is presented. The next section provides qualitative and quantitative
assessment of the temporal reconstruction model.
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