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ABSTRACT

Existing rheometric measurement techniques that use load and displacement sensors are unable to resolve the non-

Newtonian features of dilute drag-reducing solutions. In the present investigation back-lit particle image velocimetry,

or particle shadow velocimetry, was used to quantify the complex dynamics of these fluids in a novel flow geometry.

The flow of three non-Newtonian solutions were investigated in a periodically constricted tube (PCT). The radius of

the tube walls was sinusoidal with respect to the streamwise direction. The three fluids under consideration were

aqueous solutions of a flexible polymer, rigid polymer and surfactant, all of which were previously shown to instill

drag reduction in a high Reynolds number, turbulent channel flow. Three solutions with mass concentrations of 0.01%,

0.03% and 0.05% were considered for each additive. Steady shear viscosity measurements demonstrated that all rigid

and flexible polymer solutions were noticeably shear-thinning, while the surfactant solutions had a water-like shear

viscosity. Each solution was measured at five Reynolds numbers between approximately 1 and 100 within the PCT.

Relative to Newtonian fluids within the PCT, the rigid polymer solutions produced a plug-like flow with a blunted

velocity and attenuated vorticity at radial coordinate further from the tube centerline. The flexible polymer solution,

known to have appreciable amounts of elasticity, demonstrated a distinct chevron shaped velocity contour, coupled

with a negative vorticity pattern within the contraction regions of the PCT. Despite having a seemingly Newtonian

shear viscosity, the surfactant solutions produced velocity and vorticity patterns reminiscent of the flexible polymer.

The general implication is that surfactants share similar elastic traits as flexible polymers. The vorticity transport

equation was used to derive distributions of the non-Newtonian torque, more commonly called the ‘polymer torque’

in other literature. It was revealed that the non-Newtonian torque was the source of vorticity field disruption in the

flows of flexible polymer and surfactant solutions.

1. Introduction

Adding small quantities of polymers or surfactants to a liquid can dramatically alter the dynamics
of the fluid. One of the most beneficial effects of polymer and surfactant additives is a signifi-
cant reduction in turbulent skin friction drag – commonly called turbulent drag reduction (White
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& Mungal, 2008). Both additives have garnered considerable industry attention for their drag-
reducing capabilities. The adopted applications of polymers and surfactants are distinct due to
their unique responses to shear within the flow. Solutions of long-chain flexible polymers un-
dergo irreversible mechanical degradation when the fluid is subjected to large amounts of shear
in pumps, fittings or constrictions (Krope & Lipus, 2010). As a result, polymers are mostly used
in once-through fluid flow applications where repeated passes through a pump or flow restriction
are mitigated, examples of which include oil pipelines (Burger et al., 1980). On the other hand,
surfactants may degrade, but in an irreversible manner that is not permanent (Qi & Zakin, 2002).
Many authors believe surfactants combine to form thread-like molecular agglomerations within
the flow, known as micelles (Zhang et al., 2005). These micelles can break and re-form in regions of
high and low shear respectively – a quality known as self-repairability (Qi & Zakin, 2002). Unlike
polymers, surfactant additives are qualified for applications involving closed loop fluid recircula-
tion such as district heating and cooling (Krope & Lipus, 2010). Despite their respective practical
implementations, certain aspects of how these additives mitigate drag are not well understood.

In Warwaruk & Ghaemi (2021), a direct comparison was performed for different polymers and sur-
factants. Measurements of steady shear viscosity, extensional relaxation time and velocity statistics
in a turbulent channel flow were compared between solutions of a flexible polymer, rigid polymer
and surfactant. Between the different drag-reduced flows, first and second order velocity statistics
reflected consistency, provided the drag-reduction and Reynolds number (Re) were similar. This is
despite the fact that each solution reflected significantly different shear and extensional rheology.
The flexible polymer solution exhibited a shear viscosity similar to the solvent (i.e. water), but a
large extensional relaxation time. In stark contrast, the rigid polymer solution had a large shear
viscosity with prevalent shear thinning characteristics, but seemingly little extensional features.
Lastly, the surfactant solution, rather puzzlingly, displayed a water-like shear viscosity and no
extensional relaxation time. The current investigation attempts to better resolve these differences
and discern whether these additives may, or may not, share a common rheological property for
mitigating drag.

Rather than using conventional rheometric measurement techniques, the goal of the current exper-
imental investigation was to analyze the three drag-reducing fluids in a novel flow that emulates
aspects of the dynamics within the drag-reduced turbulent wall flows. The chosen flow geometry
was a periodically constricted tube (PCT) where the radius of the wall was sinusoidal with re-
spect to streamwise position. The novel flow geometry was constructed from two pieces of acrylic
using precision machining. Back-lit particle image velocimetry (or particle shadow velocimetry)
was used to characterize the velocity and vorticity within the PCT. The flow within the tube was
steady and laminar; however, inertia was still consequential (1 < Re < 100). The geometry gen-
erates shear along the walls and a modulating elongational strain-rate along the centerline of the
tube. We observed that solutions with significant elastic features produce an altered velocity and
vorticity distribution compared to water and in-elastic or viscous dominated solutions. This ge-
ometry may highlight or provide evidence of a common or uncommon mechanism for mitigating
drag among the different additives – something otherwise unobservable from load or displace-
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ment measurements using standard rheometric devices.

2. Experimental Methodology

The laminar flow of water and three non-Newtonian fluids in the periodically constricted tube
(PCT) was experimentally investigated. A shadowgraphy method referred to as particle shadow
velocimetry (PSV) was used to measure the velocity, rate-of-deformation and vorticity of the New-
tonian and non-Newtonian flows (Extevadeordal & Goss, 2006; Khodaparast et al., 2013). Details
pertaining to the flow facility, non-Newtonian solutions and PSV are described in the following
sections.

2.1. Periodically-constricted tube

Experiments were performed in the PCT where the radius of the tube wall was a sinusoidal func-
tion of the streamwise direction. Figure 1(a) displays the model geometry or test section used for
these experiments. The first portion of the tube had a wall radius, R, of 1.07 mm and was 68R in
length – a sufficient length to ensure flow entering the wavy-walled region was fully-developed.
This initial region is often denoted the entrance region. Figure 1(b) demonstrates a zoomed in
schematic of the test section, specifically the portion referred to as the PCT where the wall radius
undulates. The origin of the Cartesian coordinate system is shown for reference on Figure 1(b).
The streamwise, spanwise, and wall-normal directions are denoted as x, y and z, respectively.
With reference to figure 1(b) the y-direction would go into the plane of the page, satisfying the
right-hand-rule. The oscillating wall, Rw, is represented by the following equation,

Rw = R + �
�

cos(
2�x

�
)� 1

�
; (1)

where the amplitude of the sinusoidal radius, �, was 0.14 mm, and the wavelength of the oscilla-
tion, �, was 4 mm. The total length of the PCT along the x-direction was 7�. Immediately down-
stream of the PCT, the radius returned to R for a length of 28R along x. Further downstream, a 3�

axisymmetric conical expansion diverged the radius to 5.5 mm, where eventually the test section
interfaced with another tube and provided a path for fluid to exit the section.

The test section was constructed from two halves of 12.7 mm thick acrylic. The radial profile shown
in Figure 1(a,b) was cut into the two acrylic halves using a computer numerical control router with
a precision ball nose end mill. The scallop height – an indication of surface imperfections in the
milling process – was less than 1 µm. The two halves were combined using dowel pins to ensure
proper alignment. Steel flanges with lag bolts were used to combine the two halves and apply
sufficient contact pressure to ensure a water-tight seal. Combining the two halves formed a three-
dimensional axisymmetric tube.
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Flow entered the test-section from a 1.2 m long stainless-steel tube with an inner radius of R. The
�uid left the test-section through a 0.3 m long stainless steel tube with an inner radius of 5.5 mm.
All transitions in wall radius and tubing type were gradual with no abrupt changes in the radius of
the tube walls. A syringe pump (Legacy 200, KDS Scienti�c Inc.) equipped with glass syringe was
used to propel �uid within the apparatus between a volumetric �ow rate, Q, of 1 ml min � 1 to 12
ml min � 1. A short length of �exible tubing connected the glass syringe to the 1.2 m long stainless
steel tube of inner radius R.

Figure 1. Two-dimensional illustration of the ( a) acrylic test section, and (b) the periodically constricted tube.

2.2. Non-Newtonian �uids

Solutions of three non-Newtonian additives were compared in the PCT apparatus: a �exible poly-
mer, a rigid polymer and a surfactant. The chosen �exible polymer was polyacrylamide (PAM),
the rigid polymer was xanthan gum (XG), and the surfactant was trimethyltetradecylammonium
salicylate, which we refer to as TTAC. The same additives were used in the experimental investiga-
tion of Warwaruk & Ghaemi (2021) where the turbulent drag-reduction performance in a channel
�ow and rheology of the different solutions were compared. Three mass concentrations were con-
sidered for each additive, c = 0:01%, 0:03%and 0:05%. The solvent for each solution was distilled
water. A 15 l batch of each solution was prepared using a stand mixer equipped with a three-blade
impeller with a 100 mm diameter. The solutions were mixed for 8 h and left to rest for 16 h before
samples were taken for measurements in the PCT. The temperature of each �uid was maintained
at 20.1� C ± 0.2� C throughout the experiments.

Steady shear viscosity measurements were performed for distilled water and the non-Newtonian
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�uids using a controlled-stress single-head torsional rheometer (HR-2, TA Instruments). Shear
viscosity measurements were performed using a single-gap concentric cylinder geometry. The
inner radius of the rotating cylinder, Ri , was 14 mm, while the outer radius of the �xed cylinder,
Ro was 15.2 mm. The height of the sample, L, within the concentric cylinders was 42.04 mm.
Measurements of the stress,� , were monitored for shear rates, _
 , between 0.1 s� 1 to 1000 s� 1. The
shear rate was increased in logarithmic increments with 10 data points per decade. The shear
viscosity was derived based on, � = �= _
 . The maximum shear rate limit of the steady shear
viscosity measurements was determined based on the Taylor number limitation, Ta = � 2
 2(Ro �
Ri )3Ri =� 2 < 1700, where � is the density and 
 is the rotational velocity of the inner cylinder in
rad s� 1 (Ewoldt et al., 2015). The minimum shear rate limit can be determined from the lower
torque limit prescribed by the manufacturer of the rheometer. The lower limit in the torque, T,
provided by TA instrument was 10 nN m, or � = 0:2 mPa. In practice we found that the lower limit
for steady shear viscosity measurements was larger, and approximately equal to T = 100 nN m,
or � = 2 mPa. A power-law model was �t to the shear viscosity trends ( � versus _
 ) for �uids that
were shear thinning. The equation for the power law model was,

� = K _
 n� 1 (2)

where K is called the consistency and n is the �ow index. Fits were performed on pro�les for � >
2 mPaand Ta < 1700, using non-linear least square regression.

2.3. Particle shadow velocimetry

Particle image velocimetry with backlight illumination, referred to as particle shadow velocime-
try (PSV), was used to measure the velocity of the �uid in the PCT (Santiago et al., 1998). Figure
2(a) shows an image of the �ow measurement setup with respect to the test section. Images were
collected using a digital camera (Imager pro X, LaVision GmbH) with a 2048 × 2048 pixel charged-
coupled device (CCD) sensor. Each pixel was 7.4 ×7:4µm2 in size with a bit-depth of 14-bit. A
Nikon lens with a focal length, f , of 105 mm and an aperture diameter of f=2:8 was used to achieve
a narrow focus band situated on the y = 0 plane of the PCT. Two �eld of views (FOVs) were con-
sidered, as shown in �gure 2( a). The �rst FOV, i.e. FOV1, considered the entrance or development
region immediately upstream of the PCT, as demonstrated in the left hand side of �gure 2( a). The
FOV1 captured the complete tube radius, R, along the z� direction and approximately 3 � immedi-
ately upstream of the �rst oscillation in the PCT along the x� direction. Only the Newtonian �ow
of water was considered in FOV1. The objective was to determine if the �ow entering the PCT was
fully-developed laminar Poiseuille �ow. The second �eld of view, FOV2, measured the velocity
between the second to �fth oscillation of the PCT, that is from x � 2� to 5� . For FOV2, �ows of the
three non-Newtonian solutions through the PCT were measured. Both FOVs were approximately
the same size, (� x; � z) = 14.1 � 3.24 mm2, with a scale of 6:88µm pixel � 1 after the sensor was
cropped to remove unnecessary data for � R � z � R. The magni�cation, M , of the measurements
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Figure 2. (a) An annotated image of the PSV measurement apparatus relative to the test section. (b) An illustration of
the two �eld of views (FOVs). ( c) A sample image (TTAC at 0.05%) of FOV2 taken directly from the PSV system. (d)
The pre-processed of the same sample image of FOV2 from (c). The green dashed lines in (c) and (d) represent the

theoretical wall locations according to equation 1.

was 1.07 and the DOF was87µm, which was approximately 10% the minimum radius in the PCT
(i.e. R � 2� ). Therefore, out of focus particles may bias the velocity near the wall to lower velocities
within � 5%; however measurements near the core should be unbiased.

A 15 mJ pulse� 1 Nd:YAG laser (Solo I-15, New Wave Research Inc.) was used to provide back-
light illumination for the PSV images. A diffuser expanded the laser beam, made the incident light
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incoherent and changed the wavelength to 610 nm. The camera and laser were synchronized using
a programmable timing unit (PTU 9, LaVision GmbH) and DaVis 8.4 software (LaVision GmbH).
Silver coated hollow glass spheres with a diameter, dp, of 10µm were used to seed the �ow (S-
HGS-10, Dantec Dynamics). The particles were opaque, which was ideal for casting a shadow
on the camera sensor in back-light illumination. The density of the particles, � p, was 1.4 g cm� 3.
Therefore the particle response time, tp = � pd2

p=18� s, was 7:8µs and the particle settling velocity,
up = ( � p� � )d2

pg=18� s, was 21:8µm s� 1, where g is the gravitational acceleration, and � s is the solvent
viscosity or viscosity of water (1.0 mPa s). The Stokes number,St = tp _
 w , and the Froude number,
F r = up=U, were both in the range of 10� 4 to 10� 3. Here, U = Q=�R 2 is the bulk velocity within
the entrance region of the test section. Therefore, the effects of particle settling and particle inertia
were considered inconsequential. One data set consisted of 600 pairs of double-frame images,
recorded at an acquisition rate of 7.2 Hz. The time delay, � t, between images frames was between
500 and 7000µs, depending on Q. The exact values of � t were chosen such that the maximum
particle displacement between images frames was no greater than 15 pixel.

Image processing was performed using DaVis 8.4 software (LaVision GmbH). First, the images
were inverted by subtracting each image from a constant intensity value. Second, the minimum
intensity was calculated for each data set and subtracted. Third, each data set was normalized with
their average ensemble intensity. Lastly, the velocity �elds were calculated using the ensemble-of-
correlation method with a �nal interrogation window (IW) size of 16 � 16 pixels (111� 111µm2)
and 75% overlap between neighboring IWs (Meinhart et al., 2000). The velocity vector was denoted
as, u , with the streamwise, spanwise (into the plane of the page) and wall-normal components
being ux , uy, and uz respectively. The spatial resolution of the velocity vectors was 28µm (0.026R
or 0.007� ).

The velocity is measured on an approximately 2D plane centered on y = 0. However, �ow through
the PCT is 3D axisymmetric and not 2D planar. To account for the axisymmetric nature of the �ow,
the coordinate system was converted to a cylindrical coordinate system using y = r cos(� ) and
z = r sin(� ), where r and � are the radial and azimuthal directions respectively. The � -direction
is the counterclockwise angle with respect to positive y when viewing in the negative x-direction.
Also, � = 0 when z = 0. Velocity vectors were converted in an identical manner as the position
vectors, uz = ur sin(� ) and uy = ur cos(� ). Figure 3(a) demonstrates the cylindrical coordinate
system with reference to the entrance region of the 3D axisymmetric tube. The upper half of the 2D
measurement plane (i.e. z > 0) corresponds to � = �= 2, where z = r , uz = ur , y = 0 and uy = 0. The
lower half of the 2D measurement plane ( z < 0) corresponds to � = 3�= 2, where z = � r , uz = � ur ,
y = 0 and uy = 0. Streamwise position x and velocity ux are unaffected by the conversion of the
coordinate system. Figure 3(b) demonstrates a 2D contour of uz for water at Q � 1ml min � 1 and
with respect to the Cartesian coordinate system, while �gure 3( c) demonstrates a 2D contour of ur

for the same �ow condition in cylindrical frame of reference. The �ow is assumed to be laminar,
steady, with no swirl, i.e. u� = 0, given the geometric dimensions of the PCT and the Reynolds
numbers of the �ows in the present investigation (Deiber & Schowalter, 1979). We also do not
observe evidence of secondary �ow re-circulations, turbulence or swirl.
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Figure 3. (a) An annotated cross-section of the test-section 3D model demonstrating the cylindrical coordinate system
with reference to the entrance region, immediately before the PCT. ( b) A contour plot of uz for the �ow of water at

Re = 6 :43measured at FOV2. (c) (b) A contour plot of ur for the �ow of water at Re = 6 :43, corrected according to the
procedure discussed at the end of section 2.3.

2.4. Flow �eld analysis

The steady �ow of complex and Newtonian �uids in the PCT are governed by the following equa-
tions for mass and momentum conservation,

r � u = 0;

� u � r u = �r p + r � � ;

9
=

;
(3)

where p is the indeterminate component of the Cauchy stress tensor, and � is the determinate part.
The velocity gradient tensor, L = r u , can be decomposed into the symmetric rate of deformation
tensor, D = ( L + L y)=2, and anti-symmetric rate-of-rotation tensor, W = ( L � L y)=2, where y
represents the matrix transpose. The components ofD , and W are listed,
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D rr =
@ur
@r

; D �� =
ur

r
; Dxx =

@ux
@x

;

D rx = Dxr =
1
2

� @ur
@x

+
@ux
@r

�
;

9
>=

>;
(4)

! � = � 2Wxr =
@ur
@x

�
@ux
@r

; (5)

where ! is the vorticity vector, whose only non-zero component is ! � . Undisclosed components
of D and W are zero. Equations 3 reduces to the Navier-Stokes equation for Newtonian �uids
when the deviatoric stress tensor is represented by the constitutive equation, � = 2� sD . Here � s is
the shear viscosity of the solvent, which in this case is the viscosity of water. For non-Newtonian
�uids, the constitutive relation is much more complex and can be a partial differential equation
with nonlinear terms (e.g. Phan-Thien-Tanner and Giesekus models). For most non-Newtonian
constitutive models, it is common to segregate the deviatoric stress tensor into a solvent and non-
Newtonian stress, i.e. � = � s + � nn . Here, � s = 2� sD , is the solvent stress, and � nn is the non-
Newtonian stress introduced from the polymers or micelles. Note that if � nn = 0, then � = � s and
the constitutive equation is Newtonian. When substituted into equation 3, the divergence of the
non-Newtonian stress, r � � nn , acts as an additional forcing term and for polymeric �ows is often
referred to as a `polymer force.'

Equations 4 and 5 can be explicitly evaluated using ux and ur . To circumvent the need for pressure,
p, in equation 3 we considered the vorticity transport equation obtained from taking the curl of the
momentum transport equation. The only non-zero component of the vorticity in the PCT �ow is
! � ; therefore, we consider the vorticity transport equation along the azimuthal direction alone,

ur
@!�
@r

+ ux
@!�
@x

�
ur ! �

r| {z }
V A

= � s

� @2! �

@r2
+

1
r

@!�
@r

+
@2! �

@x2
�

! �

r 2

�

| {z }
V SD

+ T� : (6)

The additional term on the right hand side of equation 6, is the angular component of the non-
Newtonian torque, T = ( r � r � � nn )=� . The non-Newtonian torque is a vector, whose only
non-zero component is T� . Previous numerical investigations have denoted it the `polymer torque'
as it can be represented as the curl of the polymer force. Its simpli�ed units are s � 2 – when mul-
tiplied by mass moment of inertia the units are force times unit distance, consistent with the true
torque de�nition. The under-braces shown in equation 6 isolate the different combinations of
terms within the vorticity transport equation. On the left hand side of equation 6, V A denotes the
azimuthal vorticity advection. The �rst term on the right hand side of equation 6, V SD, represents
vorticity solvent diffusion, where � s = � s=� . For each �ow, the azimuthal non-Newtonian torque
was calculated based on the de�cit between V A and V SD, i.e. T� = V A � V SD.

To determine the spatial gradients in the �ow, a moving 2D third-order polynomial surface was
�t on pro�les of ux and ur . The size of the polynomial �lter was 76� 76 pixels or 522� 522µm2.
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Coef�cients of the third-order polynomial were used to the determine the �rst-, second- and third-
order spatial derivatives of ux and ur . Three orders of differentiaon in u are required due to the
V SD term in equation 6, hence the use of third-order polynomial differentiation �lter.

When converted to radial coordinates, all parameters including u , ! � , and T� exhibited symmetry
about r = 0. Therefore, u , ! � , and T� on the lower half of the domain ( r < 0) was averaged with
the upper half ( r > 0). When comparing u , ! � , and T� in one oscillation to prior or subsequent
oscillations, the parameters are not dramatically different for all �ow conditions and �uids. To
simplify the �ow �eld further, u , ! � , and T� were periodically averaged, i.e. for x-coordinates that
share the same wall radius, Rw .

The volumetric �ow rate, Q was con�rmed for each �ow based on a volume integration of the

ux , i.e. Q = 2�
Z Rw

0
ux rdr . A characteristic bulk velocity (the bulk velocity within the entrance

region) was determined according to, U = Q=(�R 2), the value of which were between 5 mm s � 1

and 56 mm s� 1. A characteristic wall-shear-rate within the straight entrance region can be implied
assuming a Poiseuille �ow. The wall-shear-rate, _
 w = 4U=R, was between 10 and 200 depending
on the conditions of the �ow. The Reynolds number, Re = 2UR=�w , of the �ows were between 1
and 100. Here � w = � w=� , and � w is the shear viscosity evaluated at the wall shear rate, _
 w , based
on steady shear viscosity measurements (detailed in section 2.2) that provide � as a function _
 .
Distributions of u , ! � and T� were normalized by U, _
 w and _
 2

w respectively. Normalization of the
parameters was denoted using the superscript, + .

3. Results

3.1. Shear viscosity

Measurements of � with respect to _
 are shown in �gure 4. As expected, the shear viscosity of
water, shown in �gure 4( a) is constant within _
 , of 2 and 100 s� 1. Below _
 of 2 s� 1, measurements
are noisy, due to the low torque limitation of the torsional rheometer. Above _
 of 100 s� 1, Ta
is greater than 1700 and measurements of� increase abruptly, indicative of an onset in Taylor
vortices. The average of � for water between _
 of 2 and 100 s� 1, was 0.97 mPa s. This is within 3%
of the theoretical shear viscosity of water at 21� C, which is 1.00 mPa s, according to Cheng (2008).

Distributions of � for PAM are presented in �gure 4( b). All three concentrations of PAM demon-
strate larger values of � than water, especially in the range of low _
 . They also exhibit shear-
thinning, where � decreases monotonically with increasing _
 . For brevity, measurements of � were
only done for _
 > 0:1s� 1; however, for some of the larger concentrations, we likely could have per-
formed measurements for smaller _
 given the lower torque limit of the rheometer. At the higher
values of _
 , � appears to increase sharply for _
 with a Ta less than 1700. Lacassagne et al. (2020)
observed that the transition from laminar Couette �ow to Taylor vortex �ow occurred at lower
shear rates for viscoelastic solutions relative to Newtonian �uids. Although we do not directly
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Figure 4. Plots of steady shear viscosity as a function of shear rate for (a) water, (b) PAM solutions, ( c) XG solutions,
and (d) TTAc solutions. Coloured lines in plots ( b) and (c) denote power law �ts according to equation 2.

observe Taylor vortices, our measurements of � imply an early transition to secondary �ows, in
agreement with Lacassagne et al. (2020). Lastly, the trend by which � reduces with respect to _

is well represented by the power law model (equation 2) for measurements with � > 2 mPa, and
_
 < 100s� 1 – suf�ciently below the shear rate that � increases abruptly. Values of the consistency,
K , and �ow index, n, for PAM are listed in table 1.

Table 1. Power law model parameters according to equation 2 for PAM

c 0.01% 0.03% 0.05%

K (Pa sn� 1) 3:0 � 10� 3 9:9 � 10� 3 40:5 � 10� 3

n 0.92 0.82 0.62

Figure 4(c) shows shear rheograms of the three XG solutions. Similar to PAM, all three concen-
trations of XG have values � generally larger than water and a shear-thinning trend. The 0.05%
concentration XG solution appear to have a comparable shear viscosity distribution as the 0.05%
PAM solution shown in �gure 4( b). This is also supported by the power law �ts, values for which
are provided in table 2. Comparing the values of K and n for the 0.05% XG solution, provided in
table table 2, with the 0.05% PAM solution listed in table table 1, both solution share comparable



20th LISBON Laser Symposium 2022

values. At large values of _
 , the three XG solutions appear to experience an increase in� for _

corresponding to Ta = 1700, similar to Newtonian �uids and unlike PAM.

Table 2. Power law model parameters according to equation 2 for XG

c 0.01% 0.03% 0.05%

K (Pa sn� 1) 1:7 � 10� 3 19:5 � 10� 3 53:3 � 10� 3

n 0.94 0.68 0.58

Lastly, �gure 4( d) demonstrates shear rheograms for the three TTAC solutions. All three solutions
have values of � similar to water (around 1.00 mPa s) and independent of _
 . A similar water-like
shear rheogram was observed in Warwaruk & Ghaemi (2021) for a 0.015% and 0.02% TTAC solu-
tion, despite the solutions being able to induce upwards of a 70% reduction in skin friction drag
and attenuate velocity �uctuations in a high Reynolds number, turbulent channel �ow. Although
the solutions have a proclivity to induce complex dynamics in other canonical �ows, the TTAC
solution does not re�ect non-Newtonian features in a steady Couette �ow with _
 between 2 and
100 s� 1.

3.2. Entrance region

Measurements of the velocity and shear rate corresponding to FOV1 are provided for the New-
tonian �ow of water to ensure that the �ow within the entrance region conforms to theoretical
expectations. Laminar �ow of a Newtonian �uid within a smooth, straight wall pipe has a stream-
wise velocity pro�le of the form, u+

x = 2(1 � r 2=R2), i.e. the Poiseuille pro�le. The radial and
angular velocities are both zero, ur = u� = 0. Therefore, D rx = ( @ux=@r)=2, according to equation
4. When the Poiseuille pro�le is differentiated, @ux=@r= 2D rx = � _
 wr=R. When normalized,
2D +

rx = 2D rx =_
 w = � r=R. Measurements of u+
x for the �ow of water within the entrance region are

shown for �ve different Re in �gure 5( a). The �ve pro�les of ux for different Re agree well with
the theoretical Poiseuille pro�le. The relative deviation between the measurements of ux and the
Poiseuille pro�le are less than 4%. Distributions of 2D +

rx are shown in �gure 5( b) for the same �ows
of water. Deviations relative to the theoretical pro�le are more noticeable than the distributions of
ux ; however, these deviations occur primarily near the wall and the measurements agree well with
the Poiseuille distribution within r=R of 0.8. Errors close to the wall are expected due to the limited
focus band of the camera. When scrutinizing future results, measurements within 20% of the wall
should be regarded with some skepticism. Nonetheless, �gure 5 demonstrates that measurements
within entrance region reasonably satisfy the expectations for laminar fully-developed Newtonian
pipe �ow. We can proceed to measurements of the PCT knowing the validity and limitations of
the measurement technique.
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Figure 5. Plots of (a) streamwise velocity, and ( b) shear, within the entrance region of the test-section.

3.3. Newtonian PCT �ow

Figure 6 demonstrates contours of the velocity magnitude (i.e. ju j+ = ( u2
x + u2

r )0:5=U) overlaid with
streamlines, for the �ow of water at �ve different Re. For all Re, the centerline velocity, u+

x (r = 0) ,
attains a maximum value at x=� = 0:5, where Rw is at a minimum. For the low Re �ows ( Re = 6:43
and 21:7), the centerline velocity at x=� = 0 and 1 are close to 2. This demonstrates that the velocity
pro�les are close to the original Poiseuille pro�le of the entrance region when Rw = R. At larger Re,
the centerline velocity at x=� = 0 and 1, becomes greater than 2. Therefore, whenRe is suf�ciently
large, the original Poiseuille pro�le from the entrance region cannot be fully recovered in regions

Figure 6. Contours of the velocity for the �ow of water at various Re within the PCT. Black solid lines are equally
spaced streamlines. The white solid line indicates the wall pro�le.
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where Rw = R. As a consequence, the maximum intensity of the normalized centerline velocity
at the minimum wall radius, x=� = 0:5, decreases with increasingRe. The velocity becomes more
`smeared' or diffused along the x� direction as Re grows. In all �ow conditions, streamlines at
large r=R tend to follow the sinusoidal pro�le of the wall. Near the core, streamlines are parallel
with the streamwise x� direction.

Contours of azimuthal vorticity, ! +
� are shown in �gure 7 for water within the PCT at several Re.

The maximum ! +
� is situated near the wall and at x=� = 0:5 for all conditions of Re. Near the

centerline, ! +
� is approximately equal to zero for all Re. For all radial and streamwise coordinates,

! � is positive.

Figure 7. Contours of the vorticity for the �ow of water at various Re within the PCT. The black solid line represents
the sinusoidal wall pro�le.

3.4. Xanthan gum

Velocity contours and streamlines are shown in �gure 8 for the 0.01%, 0.03% and 0.05% XG solu-
tions at different Re. At the lowest c of 0.01%, the XG solutions re�ect similar contours of ju j+

as water, seen in �gure 6. That is, velocity becomes more diffused along the x� direction as Re is
increased. Also streamlines at larger=R take on a similar sinusoidal pro�le as the wall pattern. For
the moderate and large values of c, the normalized centerline velocity at x=� = 0:5 is noticeably
smaller in magnitude than water. Generally the magnitude of the normalized centerline veloc-
ity gets smaller with increasing concentration – compare XG with c = 0:03%at Re = 8:61 with
c = 0:05%at Re = 8:91. Despite a different velocity distribution than water, the streamlines for XG
at c = 0:03%and 0:05%appear to be relatively the same as the water �ows shown in �gure 6.

Vorticity contours for the XG �ows are shown in �gure 9. Similar to the �ows of water in the PCT,
! +

� attains a maximum value near the wall and at x=� = 0:5. The �ow of XG with c = 0:01%takes
on similar distributions in ! +

� as water, for all Re. However, XG �ows with c = 0:03%and 0:05%
have a noticeably attenuated ! � in regions further from the tube centerline. In other words, the
thickness of the region near the pipe centerline with ! +

� = 0 appears to be larger relative to water.
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Figure 8. Contours of the velocity for the �ow of XG for various c, and Re within the PCT. Black solid lines are
equally spaced streamlines. The white solid line indicates the wall pro�le.

The thickness also appears to grow with increasing c. The attenuated vorticity can be explained
by shear-thinning. The laminar velocity pro�le of in-elastic shear-thinning solutions in a smooth
walled pipe is not parabolic, but more `blunt' and constant with respect to the radial direction
(Bird et al., 2007). Relative to water, @ux=@r(and hence ! � ) in a shear-thinning �uid is smaller for
moderate radial coordinates further from the core. Although �gure 9 is not a smooth wall pipe
�ow, the thicker region of ! � = 0, coupled with lower centerline velocities observed in �gure 8,
imply that shear is similarly reduced further from the tube core in the high concentration XG �ows.
We regard this increased zone of ! +

� = 0 to be a manifestation of shear-thinning.

3.5. Polyacrylamide

Dramatically different patterns in the velocity are encountered for the �ow of PAM within the PCT.
Figure 10 demonstrates contours of ju j+ for PAM at different c and Re. Despite the low Re �ows
showing some resemblance to results for water and XG, �ows at high c and large Re have a large
velocity contour that is asymmetric about x=� = 0:5. Within the contraction regions (i.e. x=� = 0 to
0:5) the maximum velocity is not necessarily situated at the radial centerline of the PCT. Instead the
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Figure 9. Contours of the voriticy for the �ow of XG for various c, and Re within the PCT.

velocity has more curvature, with several local peaks along the radial direction. The velocity is less
characterized by a quadratic function, but a higher-order polynomial. The high velocity contour
takes on an appearance reminiscent of a 'chevron.' Within the tails of the chevron, streamlines
appear to be tilted further towards the centerline and non-conforming to the sinusoidal pro�le of
the walls. Despite the PAM solutions having seemingly comparable steady shear rheology as the
XG solutions (�gure 4), the �ow of PAM within the PCT produces a entirely different distribution
of ju j+ . It is clear that another rheological property, not present in XG, is causing the chevron
pattern in the �ows of PAM.
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